We continue with analyzing quadrature formulas of high degree of precision for computing the Fourier coefficients in expansions of functions with respect to a system of orthogonal polynomials, started recently by Bojanov and Petrova [Quadrature formulae for Fourier coefficients, J. Comput. Appl. Math. 231 (2009), 378-391] and we extend their results. Construction of new Gaussian quadrature formulas for the Fourier coefficients of a function, based on the values of the function and its derivatives, is considered. We prove the existence and uniqueness of Kronrod extensions with multiple nodes of standard Gaussian quadrature formulas with multiple nodes for several weight functions, in order to construct some new generalizations of quadrature formulas for the Fourier coefficients. For the quadrature formulas for the Fourier coefficients based on the zeros of the corresponding orthogonal polynomials we construct Kronrod extensions with multiple nodes and highest algebraic degree of precision. For this very desirable kind of extension there do not exist any results in the theory of standard quadrature formulas.
Introduction
Let {P k } ∞ k=0 be a system of orthonormal polynomials on [a, b] with respect to a weight function ω (integrable, non-negative function on [a, b] that vanishes only at isolated points). The approximation of f by the partial sums S n (f ) of its series expansions
a k (f )P k (x) with respect to a given system of orthonormal polynomials {P k } ∞ k=0 is a classical way of recovery of f . The numerical computation of the coefficients a k (f ) in (1.1), i.e.,
requires the use of a quadrature formula. Evidently, an application of the n-point Gaussian quadrature formula with respect to the weight ω will give the exact result for all polynomials of degree at most 2n − k − 1, k < 2n − 1. Following Bojanov and Petrova [3] (see also [2] ) and using the same notation, we consider quadrature formulas of the type
where ν j are given natural numbers (multiplicities) and P k (t) is a monic polynomial of degree k. A number is the algebraic degree of precision (ADP) of (1.3) if (1.3) is exact for all polynomials of degree and there is a polynomial of degree + 1 for which this formula is not exact. By e(ν) is denoted the smallest non-negative even integer ≥ ν (clearly e(ν) = 0 for ν ≤ 0), and by σ(P k ) the number of zeros of P k in (a, b) with odd multiplicities. It is easy to see that the ADP(1.3) does not exceed e(ν 1 − τ 1 ) + · · · + e(ν n − τ n ) + σ(P k ) − 1, since the formula is not exact for the polynomial
where m = σ(P k ), t 1 , . . . , t m ∈ (a, b), are the zeros of P k with odd multiplicities, τ i := 1 if x i ∈ {t 1 , . . . , t m } and τ i := 0 otherwise. Notice that in our applications the polynomial P k in formula (1.2) for a k (f ) is the k-th orthogonal polynomial on [a, b] with weight ω; thus all its zeros are with multiplicity one and we have that σ(P k ) = k.
In [3] , for the sake of convenience, Bojanov and Petrova defined the formula (1.3) to be Gaussian, if it has maximal ADP, that is, if ADP(1.3) = e(ν 1 − τ 1 ) + · · · + e(ν n − τ n ) + σ(P k ) − 1.
A complete characterization of the Gaussian formulas of form (1.3) and explicit construction of such formulas in several particular cases is given in [3] .
The paper is organized as follows. In Section 2 we repeat general remarks concerning standard Gaussian quadrature formulas with multiple nodes, since the study and numerical construction of formulas of type (1.3), and their generalizations, for Fourier coefficients can be reduced to the study and numerical construction of standard multiple node quadratures. In Subsection 2.1 the conditions of existence of general real Kronrod extensions with multiple nodes of standard Gaussian quadrature formulas with multiple nodes are given. If these extensions exist, then they are uniquely determined. In Subsection 2.2 we prove the existence and uniqueness of general real Kronrod extensions with multiple nodes of some standard Gaussian quadrature formulas with multiple nodes for the generalized Chebyshev and Gori-Micchelli weight functions, in order to construct some new generalizations of quadrature formulas for the Fourier coefficients by using the important theorem by Bojanov and Petrova [3, Theorem 2.1] (see also Theorem 2.2 below) which reveals the relation between the standard quadratures and the quadratures for Fourier coefficients. We finish Section 2 by adding some remarks concerning the computational aspects of the results by Bojanov and Petrova [3] , and by extending their results from [3, Corollary 2.5 ] to the more general case. In Section 3 a connection to the Gauss-Kronrod and generalized averaged Gaussian quadrature formulas (all their nodes are simple) is presented. Finally, in Section 4 for the quadrature formulas for the Fourier coefficients (and for their generalizations) based on the zeros of the corresponding orthogonal polynomials we construct Kronrod extensions with multiple nodes and highest algebraic degree of precision. A numerical example is included. For this very desirable kind of extension there do not exist any results in the theory of standard quadrature formulas.
General observations and numerical construction
Let π n (R) := P (t) :
represent the space of all polynomials in one variable of degree at most n. Bojanov and Petrova [3, Section 2] discuss general remarks concerning Gaussian quadrature formulas with multiple nodes, since the study of formulas of type (1.3) for Fourier coefficients can be reduced to the study of standard multiple node quadratures. We repeat the following theorem established by Ghizzetti and Ossicini [15] . Theorem 2.1. For any given set of odd multiplicities ν 1 , . . . , ν n (ν j = 2s j +1, s j ∈ N 0 , j = 1, . . . , n), there exists a unique quadrature formula of the form
of ADP = ν 1 + · · ·+ ν n + n − 1, which is the well known Chakalov-Popoviciu quadrature formula (see [5] , [38] ). The nodes x 1 , . . . , x n of this quadrature are determined uniquely by the orthogonality property
The corresponding (monic) orthogonal polynomial n k=1 (t − x k ) is known in the classical literature as a σ-orthogonal polynomial, with σ = σ n = (s 1 , . . . , s n ), where n indicates the size of the array.
Quadratures of type (2.1) with equal multiplicities ν 1 = · · · = ν n = ν, with ν being an odd number (ν = 2s + 1, s ∈ N), have been studied by Turán [44] . In this case, the Gaussian quadrature is called the Gauss-Turán quadrature of type ν (= 2s + 1), and the corresponding (monic) orthogonal polynomial n k=1 (t − x k ) is called an s-orthogonal polynomial.
Bojanov and Petrova [3] describe the connection between quadratures with multiple nodes and formulas of type (1.3). For the system of nodes x := (x 1 , . . . , x n ) with corresponding multiplicitiesν := (ν 1 , . . . , ν n ), they define the polynomials
. , x j ) [x j repeats ν j times], j = 1, . . . , n, denote by g[x 1 , . . . , x m ] the divided difference of g at the points x 1 , . . . , x m , and state and prove the following important theorem which reveals the relation between the standard quadratures and the quadratures for Fourier coefficients. Theorem 2.2. For any given sets of multiplicitiesμ := (μ 1 , . . . , μ k ) andν := (ν 1 , . . . , ν n ), and nodes y 1 < · · · < y k , x 1 < · · · < x n , there exists a quadrature formula of the form
with ADP = N if and only if there exists a quadrature formula of the form
which has degree of precision N + μ 1 + · · · + μ k . In the case y m = x j for some m and j, the corresponding terms in both sums combine in one term of the form:
Let us suppose that the coefficients a ji (j = 1, . . . , n; i = 0, . . . , ν j − 1) in (2.3) are known. By acting as in the first part of the proof of Theorem 2.1 in [3] we can determine the coefficients c ji (j = 1, . . . , n; i = 0, . . . , ν j − 1) in (2.2). Namely, applying (2.3) to the polynomial Λμ(·; y)f , where f ∈ π N (R), the first sum in (2.3) vanishes and we can obtain (see [3, Eq. (2.4) 
t=x j (j = 1, 2, . . . , n; i = 0, 1, . . . , ν j − 1).
General real Kronrod extensions of Chakalov-Popoviciu quadratures.
Numerically stable methods for constructing nodes x j and coefficients a ji in Gauss-Turán and Chakalov-Popoviciu quadrature formulas with multiple nodes can be found in [16] , [12] , [28] , [43] . For the asymptotic representation of the coefficients a ji see [35] . Some interesting results concerning this theory and its applications can be found in [25] , [42] , and references therein, and [14] , [21] , [35] . The remainder term for these quadratures, when the integrand is an analytic function, has been analyzed in [26] , [29] , [27] , [30] , [31] .
The following generalized Chebyshev weight functions ω(t) = ω i (t) will be of interest in this paper:
The Chebyshev polynomials T n are s-orthogonal on (−1, 1) for each s ≥ 0 (see Bernstein [1] ). Ossicini and Rosati [34] found three other weight functions ω i (t) (i = 2, 3, 4) for which the s-orthogonal polynomials can be identified as the Chebyshev polynomials of the second, third, and fourth kind: U n , V n , and W n , which are defined by U n (t) = sin(n + 1)θ sin θ , V n (t) = cos(n + 1 2 )θ cos(θ/2) , W n (t) = sin(n + 1 2 )θ sin(θ/2) , respectively (cf. [9] and [13] ), where t = cos θ. However, these weight functions depend on s (see (b), (c), (d)). It is easy to see that W n (−t) = (−1) n V n (t), so that in the investigation it is sufficient to study ω 1 (t), ω 2 (t) and one of either ω 3 (t) or ω 4 (t). For each n ∈ N, Gori and Micchelli [17] introduced an interesting class of weight functions defined on [−1, 1] for which explicit Gauss-Turán quadrature formulas of all orders can be found. In other words, these classes of weight functions have the peculiarity that the corresponding s-orthogonal polynomials, s ∈ N, of the same degree, are independent of s. This class includes certain generalized Jacobi weight functions ω n,μ (t) = |U n−1 (t)/n| 2μ+1 (1 − t 2 ) μ , where U n−1 (cos θ) = sin nθ/ sin θ (Chebyshev polynomial of the second kind) and μ > −1. In this case, the Chebyshev polynomials T n appear as s-orthogonal polynomials, s ∈ N.
Let
. . , m). Following the wellknown idea of Kronrod [20] , [8] (see also [32] , [33] , [24] ), we extend a formula of type (2.1),
where x ν are the same nodes as in (2.5), and the new nodes x * μ and new weights b νi , c * μj are chosen to maximize the degree of precision of (2.6) which is greater than or equal to We call the quadrature formula (2.6) Chakalov-Popoviciu-Kronrod quadrature formula. A particular case of this formula is the Gauss-Turán-Kronrod quadrature formula, if s 1 = s 2 = · · · = s n = s. The well-known Gauss-Kronrod quadrature formula, if s 1 = s 2 = · · · = s n = 0, s * 1 = s * 2 = · · · = s * m = 0, and m = n + 1, is a particular case of both justmentioned quadrature formulae. In the theory of Gauss-Kronrod quadrature formulas, the Sieltjes polynomials E n+1 (t), whose zeros are the nodes
, play an important role. Also, of foremost interest are weight functions for which the Gauss-Kronrod quadrature formula has the property that:
(i) All n + 1 nodes x * μ are in (a, b) and are simple (i.e., that all zeros of the Stieltjes polynomial E n+1 (t) are in (a, b) and are simple).
Also, desirable are weight functions which have, in addition to (i), the following properties:
(ii) The interlacing property. Namely, that the nodes x * μ and x ν separate each other (i.e., the n + 1 zeros of E n+1 (t) separate the n zeros of the orthogonal polynomial n ν=1 (t − x ν )); and (iii) all quadrature weights are positive. On the basis of the above facts, it seems it is most natural to consider Chakalov-Popoviciu-Kronrod quadratures (2.6) in which m = n + 1, i.e.,
We know that in the general case of quadratures with multiple nodes not all quadrature weights have to be positive. Therefore, for Kronrod extensions of Gaussian quadrature formulas with multiple nodes we cannot consider the property (iii) as desirable.
On the other hand, it is desirable that the nodes x * μ , μ = 1, . . . , n + 1, be all real,
, as well as to satisfy the interlacing property, i.e., (2.8)
. We are interested in the Chakalov-Popoviciu-Kronrod quadratures (2.7) in which the nodes x * μ , μ = 1, . . . , n + 1, satisfy the property x * 1 < x * 2 < · · · < x * n+1 . Proposition 2.3. Let the nodes be ordered. The interpolatory quadrature formula (2.7) with multiple nodes has degree of precision 2 n ν=1 s ν + n+1 μ=1 s * μ + 3n + 1 if and only if the following orthogonality conditions:
hold.
Proof. Let π n (t) ≡ π n,σ (t) = n ν=1 (t − x ν ) be the σ-orthogonal polynomial based on the nodes x ν , and let E (σ * )
be the corresponding generalized Stieltjes polynomial based on the nodes x * μ . The conditions (2.9) can be reinterpreted in the form
where
is the new implicitly given weight function (see Engels [7, pp. 214-226] ). Therefore, because of (2.10), the generalized (monic) Stieltjes polynomial E
. Suppose now that the quadrature formula (2.7) has the degree of precision 2 n ν=1 s ν + n+1 μ=1 s * μ + 3n + 1, and let
Then, we have that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let us determine, for instance, f
and by using the Leibnitz's formula, we have
In a similar way we conclude that
. . . , n + 1. Using these facts, for the given functions f k , we have that
Because of the latter, we conclude that (2.9) holds. Now, let the orthogonality conditions (2.9) hold. Consider an arbitrary polynomial g(t) of degree ≤ 2 n ν=1 s ν + n+1 μ=1 s * μ + 3n + 1, which can be represented in the form
where u n (t), v q (t) are polynomials of the degrees n, q, respectively, and q = 2 n ν=1 s ν + n+1 μ=1 s * μ + n . As an interpolatory quadrature formula (2.7) is exact for each polynomial of degree ≤ 2 n ν=1 s ν + n+1 μ=1 s * μ + n . Therefore, because of the last facts and (2.
which means that the quadrature formula (2.7) has the degree of precision 2( n ν=1 s ν + n+1 μ=1 s * μ ) + 3n + 1. For the uniqueness of the Chakalov-Popoviciu-Kronrod quadrature formula (2.7) we have the following statement. Proposition 2.4. If the interpolatory quadrature formula (2.7) with multiple nodes and degree of precision 2 n ν=1 s ν + n+1 μ=1 s * μ + 3n + 1 exists, then it is unique.
Proof. Let us write the interpolatory quadrature formula of type (2.7) in the form
where n of its nodes x ν are fixed. It has a degree of precision equal to N = 3n + 2 2n+1 ν=1 s ν + 1 if and only if K = 2n + 1 + 2 2n+1 ν=1 s ν coefficients a νi satisfy the following system of N + 1 linear equations
where u j (t), j = 0, 1, . . . , N, are linearly independent functions from the space π N (R). Assume the matrix u
. If all nodes are mutually different, this is equivalent to the following statement: The boundary differential problem
j (x ν ) = 0 (i = 0, 1, . . . , 2s ν ; ν = 1, 2, . . . , 2n + 1) has q linearly independent solutions U k , k = 0, 1, . . . , q − 1 (see [14, pgs. 41-43] ).
The system (2.12) is consistent if and only if the q conditions
are satisfied. In that case (2.12) has ∞ K−(N +1−q) solutions. (We use the same notation as in [14] .) It is easy to see that the problem (2.13) has the following n + 1 linearly independent nontrivial solutions
Denoting them as U k (t), the conditions (2.14) become the conditions (2.9). The system (2.12) has one and only one solution, because
The above results can be obtained for the more general case of the quadrature formula (2.7). Namely, for each node x * μ / ∈ (a, b) instead of the multiplicity 2s * μ + 1 the multiplicity n * μ + 1 (n * μ ∈ N 0 ) can be considered, since the factor (t − x * μ ) n * μ +1
does not change sign on (−1, 1) and thus ω is a weight function.
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For calculating the weight coefficients in (2.7) we can use the numerically stable methods from [16] , [28] , [43] .
Explicit expressions of the generalized Stieltjes polynomials.
We now study some cases of the quadrature formula (2.7) in detail for a subclass of the Gori-Micchelli weight functions, as well as for the generalized Chebyshev weights.
• First, consider a subclass of the Gori-Micchelli weight functions,
In the particular case = 0, (2.15) reduces to the Chebyshev weight function of first kind ω n,
Recall that for the weight functions (2.15), the Chebyshev polynomials of first kind T n are s-orthogonal. In this case (σ = σ n = (s, s, . . . , s)), the orthogonality conditions (2.9) have the form
where α is a normalization constant, then the conditions (2.16) obtain the form
In fact, the last conditions hold for k = 0, 1, . . . , 2n − 2 (see [34] ), which means that it has to be 2n − 2 ≥ n, i.e., n ≥ 2. Therefore, in this case (n ≥ 2, σ * n+1 = ((s − )/2, s − , . . . , s − , (s − )/2)), when the quadrature formula (2.2) has the form (
we have just proved the following statement. 
i.e., the nodes x * μ , μ = 2, . . . , n, are the zeros of the Chebyshev polynomial of second kind U n−1 (t) and
The zeros of T n (t) and E (σ * ) n+1 (t) interlace (i.e., satisfy the property (2.8)), since
The algebraic degree of precision of the quadrature formula (2.17) as a Kronrod extension is N = n(4s − 2 + 3) + 1.
Corollary 2.6. There exists a unique quadrature formula of the form
Its nodes x ν are the zeros of the Chebyshev orthogonal polynomial of first kind T n and the coefficients can be calculated using (2.4) via the coefficients of quadrature formula (2.17) .
There also exists a unique quadrature formula of the form
of ADP = 2n(s − + 1) + 1 (n ≥ 2). Its nodes x * μ are the zeros of the Chebyshev orthogonal polynomial of second kind U n−1 (t) and the coefficients can be calculated using (2.4) via the coefficients of quadrature formula (2.17) .
We see that the first interpolatory quadrature formula in this corollary is the quadrature formula (2.21) below with n−1 nodes. Thus, it has the algebraic degree of precision (n − 1)(2s + 3) + 2s + 1, and we conclude that the quadrature formula (2.17) has the algebraic degree of precision ADP = N = 2n(2s − + 2) − 1 (n ≥ 2). Therefore, the quadrature formula (2.17) is the Chakalov-Popoviciu-Lobatto type quadrature formula. Finally, the second quadrature formula in Corollary 2.6 has the algebraic degree of precision ADP = n(2s − 2 + 3) − 1, and it is the Gaussian quadrature formula in the cases when s − is odd.
Consider now the generalized Chebyshev weight functions of second, third and fourth kind.
• Let σ n = (s, . . . , s) and ω(t) ≡ w 2 (t) = (1 − t 2 ) 1/2+s . The orthogonality conditions (2.9), in this case, reduce to
where β is a normalization constant and σ * n+1 = (s, s, . . . , s), then the conditions (2.18) obtain the form, since T n+1 (t)U n (t) = U 2n+1 (t)/2,
In fact, the last conditions hold for k = 0, 1, . . . , 2n. Therefore, in this case, when the quadrature formula (2.7) has the form
we have just proved the following statement: 
i.e., the nodes x * μ , μ = 1, . . . , n + 1, are the zeros of the Chebyshev polynomial T n+1 (t).
It is obvious that in this case the interlacing property (2.8) holds, since it holds for the polynomials U n (t) and T n+1 (t). The algebraic degree of precision of the quadrature formula (2.19) is N = 2(2n + 1)(s + 1), since it is in fact the Gauss-Turán quadrature. 
of ADP = n(2s + 3). Its nodes x ν are the zeros of the Chebyshev polynomial of second kind U n and the coefficients can be calculated using (2.4) via the coefficients of quadrature formula (2.19) .
There also exists a unique Gaussian quadrature formula of the form
of ADP = n(2s+3)+2s+1. Its nodes x * μ are the zeros of the Chebyshev polynomial of first kind T n+1 and the coefficients can be calculated using (2.4) via the coefficients of quadrature formula (2.19) .
• Let σ n = (s, . . . , s) and ω(t) ≡ ω 4 (t) = (1 − t) 1/2+s (1 + t) −1/2 . The orthogonality conditions (2.9), in this case, reduce to
where P
(1/2,−1/2) n is the Jacobi polynomial orthogonal on (−1, 1) with respect to the weight function (1 − t) 1/2 (1 + t) −1/2 (see [34] ). If
where γ is a normalization constant and σ * n+1 = (s/2, s, . . . , s), then the conditions (2.22) reduce to the form [32, Equation (33) , p. 147]). In fact, these conditions hold for k = 0, 1, . . . , 2n − 1. Therefore, in this case, when the quadrature formula (2.7) has the form (
of ADP = n(2s + 3) − 1. Its nodes x ν are the zeros of the Chebyshev orthogonal polynomial of fourth kind P (1/2,−1/2) n and the coefficients can be calculated using (2.4) via the coefficients of quadrature formula (2.23).
of ADP = n(2s + 3) + s. Its nodes x * μ are the zeros of the Chebyshev orthogonal polynomial of third kind P (−1/2,1/2) n and the coefficients can be calculated using (2.4) via the coefficients of quadrature formula (2.23).
Proof. Consider the quadrature formula (2.23). By using Theorem 2.2 we conclude that the corresponding quadrature formula 
has the algebraic degree of precision N = 4n(s + 1) − 1, and the quadrature formula (2.23) as the Gauss-Turán-Radau type quadrature has the algebraic degree of precision 4n(s + 1) + s. The assertion of the corollary follows.
Both quadrature formulas from Corollary 2.10 are the Gaussian ones in the cases when s is odd.
• When the quadrature formula (2.7) has the form (x * n+1 = 1),
where ω 3 (t) = (1 − t) −1/2 (1 + t) 1/2+s is the generalized Chebyshev weight of third kind, in a similar way as in the previous case, the following statement can be proved. 
i.e., the nodes x * μ , μ = 1, . . . , n, are the zeros of P (1/2,−1/2) n (t) and τ * n+1 = 1. Now, an analogous corollary as Corollary 2.10 can be formulated. We finish this section by adding some remarks concerning the computational aspects of the results by Bojanov and Petrova [3] , and by extending their results from [3, Corollary 2.5] to the more general case. Corollary 2.3 in [3] says that if one chooses points x 1 < x 2 < · · · < x n and even multiplicities ν j , j = 1, . . . , n, so that Λ(t; x) is the corresponding σ-orthogonal (σ = (ν 1 /2, . . . , ν n /2)) polynomial with respect to the weight ω, then it is possible to construct the monic polynomial P k (t) = (t − y 1 ) · · · (t − y k ) orthogonal on [a, b] with respect to the measure ω(t) Λν(t; x) (see [10] , [12] , [18] ). Therefore, the points y m , m = 1, . . . , k, with multiplicity 1, and the points x j with multiplicities ν j + 1, j = 1, . . . , n, are the nodes in the uniquely determined Gaussian quadrature formula,
with ADP= 2k + n j=1 ν j + n − 1. The coefficients of the last quadrature are calculated as the ones in the interpolatory quadrature formula (see [28] , [43] ). Now, the coefficients c ji (j = 1, . . . , n; i = 0, 1, . . . , ν j − 1) in the corresponding quadrature formula (1.3) are calculated by (2.4) , where a ji (j = 1, . . . , n; i = 0, 1, . . . , ν j − 1) are from (2.24). Corollary 2.12. For any given set of even multiplicitiesν = (ν 1 , . . . , ν n ) and weight ω, there exists a unique Gaussian quadrature (with ADP= ν 1 +· · ·+ν n +n−1) of the form
Its nodes {x j } n j=1 are the nodes of the Chakalov-Popoviciu quadrature formula
of ADP= ν 1 + · · · + ν n + 2n − 1, and sign(c j,ν j −1 ) = (−1) n−j , j = 1, . . . , n.
Proof. Since the first part of this corollary is stated the same as Corollary 2.4 in [3] , it only remains to prove the last part. Applying (2.26) to Λ(·; x)Q, where Q is a polynomial of degree ν 1 + · · · + ν n + n − 1, we have that
and therefore we obtain (2.25) , where ; x) , and since a j,ν j > 0, when ν j is even, we conclude that sign(c j,ν j −1 ) = sign(Λ j (x j ; x)) = (−1) n−j , j = 1, . . . , n. The proof follows.
Connection to Gauss-Kronrod and generalized averaged
Gaussian quadrature formulas
Consider quadrature formulas of the type
where y := (y 1 , . . . , y n ) is a given set of points and y i = x j for all i and j. Let P n (t) be the monic orthogonal polynomial with respect to the weight function ω(t). Following Bojanov and Petrova [3, Sections 3.1, 3.2]), we associate with (3.1) the quadrature formula
We know that (3.2) has ADP = N if and only if the quadrature (3.1) has ADP = N − n. The coefficients b j , j = 1, . . . , n+ 1, are given by the relation (see [3, Section 3 
Lemma 3.4 in [3] shows that the question of constructing formulas of type (3.1) of the highest ADP with n+1 nodes in a special case when P n (t) is fixed to be the n-th polynomial on [a, b] with the weight ω becomes a question of constructing Gauss-Kronrod formulas of type (3.2) on [a, b] with the weight ω. In fact, in this case, N = 3n + 1, and ADP(3.1) = N − n = 2n + 1. In the case when the corresponding Gauss-Kronrod quadrature formula is positive, there exist the effective numerical procedures of its numerically stable construction given by Laurie [23] and Calvetti et al. [4] (see also Monegato [33] ). The existence of the positive Gauss-Kronrod q.f. depends on ω, and there are several cases of non-existence known, e. g., for the Gauss-Laguerre and Gauss-Hermite cases [19] . Recently, for the Gegenbauer weight ω (α,α) (t) = (1 − t 2 ) α , Peherstorfer and Petras [36] have shown nonexistence of Gauss-Kronrod formulas for n sufficiently large and α > 5/2. Analogous results for the Jacobi weight function ω (α,β) (t) = (1 − t) α (1 + t) β can be found in their paper [37] , particularly, nonexistence for large n of Gauss-Kronrod formulas when min(α, β) ≥ 0 and max(α, β) > 5/2. In such cases it is of interest to find an adequate alternative to the corresponding Gauss-Kronrod quadrature formulae.
An alternative approach are the Anti-Gaussian formulas introduced by Laurie [22] , which have been slightly generalized in [6] , and in Spalević's paper [39] . Such formulas always exist and are positive. In [39] a very simple numerical method is proposed for constructing the averaged Gaussian quadrature formulas. In [40] Spalević tried to answer whether the averaged Gaussian formulas are an adequate alternative to the corresponding Gauss-Kronrod quadrature formulas to estimate the remainder term of a Gaussian rule.
The maximal polynomial degree of precision of the generalized averaged Gaussian quadrature formulas (3.1) in general is N = 2n + 2 (2n + 3 in the symmetric case [a, b] = [−c, c], ω(−t) = ω(t)) (see [39, p. 1486] ). Therefore, in these cases ADP(3.1) = N − n = n + 2 (n + 3 in the symmetric case).
Example. In [39, Ex. 2.2] the Jacobi weight function ω (α,β) (t) with α = 1/10, β = 13/5, on [−1, 1] is considered. Respective Matlab routines r jacobi.m, for the coefficients in the three-term recurrence relation of the corresponding Jacobi orthogonal polynomials, and gauss.m, for the nodes and weight coefficients in the corresponding Gauss quadrature formula, are downloadable from the website of Walter Gautschi; it contains a suite of many other useful routines, in part assembled as a companion piece to the book [10] . So, the nodes and corresponding weight coefficients of the corresponding quadrature formula (3.2) are displayed in the table in [39, p. 1488 ].
As we have observed there, the corresponding quadrature formula (3.2), which has the degree of exactness 2n + 2, is an extension of the Gauss formula. Nonexistence for large n of Gauss-Kronrod formulae, for the case of Jacobi weight functions under consideration has been proved by Peherstorfer and Petras [35] . Using the Matlab routine kronrod.m, which is downloadable from the above-mentioned website, we obtained that the Gauss-Kronrod quadrature formula does not exist in the considered case (ω (1/10,13/5) (t), n = 14). For 1 ≤ n ≤ 13 the Matlab routine kronrod.m generates the corresponding Gauss-Kronrod quadrature formulas. Now, the nodes and the weight coefficients in (3.1) in the considered Jacobi case, obtained by (3.3), are given as follows.
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Quadratures with fixed multiple nodes
Here, we discuss quadratures of the form
are odd nonnegative integers, which generalize the quadratures [3, Eq. (3.7) ]. The nodes y 1 , . . . , y k are fixed and we look for n other points x 1 , . . . , x n , to obtain the highest possible ADP. Let us suppose in this section that y i , x j ∈ (a, b) (i = 1, . . . , k; j = 1, . . . , n), and y i = x j for all i, j. Clearly, if n = 0, the maximal ADP of such a formula will be λ 1 + · · · + λ k − 1, since the formula will not be exact for Λμ(t; y). In this case any interpolatory formula based on the nodes {y i } k i=1 is Gaussian. The following theorem is true. Theorem 4.1. For any given set of distinct points y = (y 1 , . . . , y k ) and odd multiplicities λ 1 , . . . , λ k , there exists a unique quadrature formula of the form (4.1) of highest ADP (which is k m=1 λ m + n j=1 ν j + n − 1). The nodes {x j } n j=1 , with odd multiplicitiesν = (ν 1 , . . . , ν n ), coincide with the nodes of the Ghakalov-Popoviciu quadrature formula with ADP = n j=1 ν j + n − 1,
where the weight function ω is given by Proof. Let H be the Hermite interpolating polynomial of degree λ 1 + · · · + λ k − 1 for the function f and nodes y. Then, by Newton's formula,
t]Λλ(t; y).

Multiplying this identity by ω(t)Λμ(t; y) and integrating over [a, b] we obtain
where ω is given by (4.3). It is well known that the Hermite interpolating polynomial of degree λ 1 + · · · + λ k − 1 has the form
where ms (t) are the fundamental functions of Hermite interpolation, so that we 
which is exact for each polynomial f of degree at most k m=1 λ m + n j=1 ν j + n − 1, since then, f [y λ 1 1 , . . . , y λ k k , t] is a polynomial of degree n j=1 ν j + n − 1. We have used the notation
By using the last equality, we obtain n j=1
Finally, we can easily derive that
where a ji (j = 1, . . . , n; i = 0, 1, . . . , ν j − 1) are given by (4.4) . Therefore, the coefficients {α ji } (j = 1, . . . , n; i = 0, 1, . . . , ν j − 1) and the nodes {x j } n j=1 are uniquely characterized as parameters of the Gaussian quadrature (4.2). It follows that the coefficients {a ji } (j = 1, . . . , n; i = 0, 1, . . . , ν j −1) given by (4.4) and {b ms } (m = 1, . . . , k; s = 0, 1, . . . , λ m − 1) in (4.1) are uniquely determined because the formula (4.1) is of interpolatory type. The proof is completed. Theorem 4.1, which generalizes Theorem 3.6 in [3] , shows that one can improve the precision of the quadrature b a ω(t) Λμ(t; y) 
where μ i (i = 1, . . . , k), λ m (m = 1, . . . , k) are nonnegative odd integers, following the strategy of Kronrod, namely by adding additional nodes {x j } n j=1 which are of multiplicities ν j (j = 1, . . . , n) , where ν j (j = 1, . . . , n) are nonnegative odd integers. One can achieve the highest possible precision k m=1 λ m + n j=1 ν j + n − 1 only by adding specific nodes, the nodes of the Chakalov-Popoviciu quadrature formula 
where {α ji } (j = 1, . . . , n; i = 0, 1, . . . , ν j − 1) are the weights and {x j } n j=1 are the nodes of the Chakalov-Popoviciu quadrature formula on [a, b] with weightω(t) = ω(t)Λμ(t; y)Λ(t; y),
Proof. Here, H(t) = L k−1 (t), where L k−1 (t) is the Lagrange interpolating polynomial of degree k−1 based on the nodes y 1 , . . . , y k . The proof follows the argument in Theorem 4.1 and the fact that the first integral in (4.6), b a ω(t)Λμ(t; y)L k−1 (t) dt = 0, because of the σ-orthogonality of P k . This completes the proof.
A particularly interesting subcase of Corollary 4.2 is as follows: Corollary 4.3. Let μ m = λ m = 1, m = 1, . . . , k, and let P k (t) = Λ(t; y) = (t − y 1 ) · · · (t − y k ) be the k-th orthogonal polynomial with respect to the weight function ω on [a, b] . Then there exists a unique Gaussian quadrature (with ADP = k + n j=1 ν j + n − 1) of type
where {α ji } (j = 1, . . . , n; i = 0, 1, . . . , ν j − 1) are the weights and {x j } n j=1 are the nodes of the Chakalov-Popoviciu quadrature formula (4.7), on [a, b] with the weight functionω(t) = ω(t)P k (t) 2 .
A very popular method for obtaining a practical error estimate in numerical integration by standard quadratures is to use two quadrature formulae A and B, where the nodes used by formula B form a proper subset of those used by formula A, and where the rule A is also of higher degree of precision. Kronrod originated this method (see [20] ), which has been used many times to date. For more details concerning this theory for standard quadrature formulas, see, for example [32] , [33] , [22] , [39] , [40] . The difference |A(f ) − B(f )|, where f is the integrand, is usually quite a good estimate of the error for the rule B. We are not aware, in the theory of standard quadratures, of the case where A is a quadrature based on Gauss nodes, and B is its Kronrod extension with multiple nodes.
Let P k be the k-th orthogonal polynomial with respect to the weight ω on [a, b]. Theorem 3.6 of Bojanov and Petrova [3] shows that one can improve the pre-
, following the strategy of Kronrod by adding additional nodes {x j } n j=1 . The case n = k + 1 is best known. One can achieve the highest possible precision 3k + 1 only by adding specific nodes, the nodes of the Gauss quadrature on [a, b] with the weight ω P 2 k . But, what we wish to point out here, on the basis of Corollary 4.3, is that one can achieve the highest possible precision 2k + k+1 j=1 ν j by adding additional nodes {x j } k+1 j=1 with odd multiplicities ν j , j = 1, . . . , k + 1, being the nodes of the corresponding Chakalov-Popoviciu quadrature (where n = k + 1) on [a, b] with the weight ω P 2 k . Observe that the last quadrature formula is based on the nodes y m , the zeros of the corresponding orthogonal polynomial P k with respect to the weight ω. Its algebraic degree of precision is equal to k − 1. Its coefficients in fact are equal to zero. Namely, by putting f (t) = P k (t)/(t − y m ), we have 0 = b a ω(t)P k (t)P k (t)/(t − y m ) dt = β m P k (y m ), which implies β m = 0, m = 1, . . . , k.
LetT n andÛ n be the monic Chebyshev polynomials of the first and second kind, respectively. For the subclass of Gori-Micchelli weight functions of the type (2.15), ω n,s (t) = (1 − t 2 ) 1/2+s [Û n (t)] 2s+2 , s ∈ N 0 , the coefficients {α ji } (j = 1, . . . , n + 1; i = 0, 1, . . . , 2p) of the Gauss-Turán quadrature formulas (4.9)
can be explicitly computed (cf. Gori and Micchelli [17] , and especially Yang [45] ). The nodes ξ j , j = 1, . . . , n + 1, are the zeros ofT n+1 . From Corollary 4.2 the following corollary immediately follows. 
where s ∈ N 0 , p ∈ N, and α ji , ξ j are the parameters which appear in (4.9), and η 1 , . . . , η n are the zeros ofÛ n , is the only Gaussian quadrature formula (exact for all polynomials of degree (2p+3)n+2p+1), of the form (4.1) with ω(t) = (1−t 2 ) 1/2+s , k := n, n := n + 1, μ i = 2s + 1, λ i = 1, i = 1, . . . , n; ν j = 2p + 1, j = 1, . . . , n + 1;
We end this section by finding an example that confirms the interesting and important statement of Corollary 4.3, which is an immediate consequence of Corollary 4.4 for s = 0. Namely, we can construct the Kronrod extension, with multiple nodes and highest ADP, of the quadrature formula for Chebyshev-Fourier coefficients of the second kind, which is based on the zeros ofÛ n , and with β m = 0, m = 1, . . . , n,
as follows. 
where p ∈ N, and α ji , ξ j are the parameters which appear in (4.9) with s = 0, and η 1 , . . . , η n are the zeros ofÛ n , is the only Gaussian quadrature formula (exact for all polynomials of degree (2p + 3)n + 2p + 1), of the form (4.8) with ω(t) = √ 1 − t 2 , k := n, n := n + 1, μ i = λ i = 1, i = 1, . . . , n; ν j = 2p + 1, j = 1, . . . , n + 1; P n =Û n .
Example. The nodes in (4.9) are zeros ofT n+1 given by ξ j = cos (2j−1)π 2(n+1) , j = 1, . . . , n + 1. The coefficients α ji are given by (see [45, Eq. (1 − ξ 2 j ) b 2 −i,j,2 (i − 1)! 2 2 (n + 1) 2
t=ξ j for k ∈ N 0 , j = 1, . . . , n + 1, ∈ N,
, j = 1, . . . , n + 1, and k are the coefficients from the Fourier-Chebyshev series of the form
where the convergence holds w.r.t. the weighted L 1 -norm 1 −1 |f (t)|(1 − t 2 ) −1/2 dt. The prime on the summations indicates that the first term is halved.
Finally, the points η m , m = 1, . . . , n, in (4.10), as the zeros ofÛ n , are given by η m = cos(mπ/(n + 1)), m = 1, . . . , n. Some numerical examples of calculating the coefficients α ji from (4.9) by [45, Eq. (3.5) ] can be found in [31] .
Consider now the calculation of the integral I = I n = 1 −1 Table 1 . The coefficients α ji from (4.11) when n = 5 and p = 1.
.2556634646476068716196812649153241279457331867981e-3 4
.2556634646476068716196812649153241279457331867981e-3 5
.2556634646476068716196812649153241279457331867981e-3 6
.2556634646476068716196812649153241279457331867981e-3 j α j1
1 -.8574720254918946739677216669779694286924422719574e-6 2 -.6277130887290624331743990566198128168479950077446e-6 3 -.2297589367628322407933226103581566118444472642128e-6 4 .2297589367628322407933226103581566118444472642128e-6 5
.6277130887290624331743990566198128168479950077446e-6 6
.8574720254918946739677216669779694286924422719574e-6 j α j2
1 .5946598861672669341073580096439351481276194639361e-7 2
.4438601816798730410063910849224377221280090048578e-6 3
.8282543747430193886020463688804819294432560633220e-6 4
.8282543747430193886020463688804819294432560633220e-6 5
.4438601816798730410063910849224377221280090048578e-6 6
.5946598861672669341073580096439351481276194639361e-7 by (4.11), where f (t) = e t . Let p = 1, for the sake of simplicity. By using the quoted formulas, we obtain, for j = 1, . . . , n + 1, α j0 = (n + 1)π 2 2n+1 0 , α j1 = π(1 − ξ 2 j )b 1,j,2 2 2n+3 (n + 1) ( 0 + 1 ), α j2 = π(1 − ξ 2 j ) 2 2n+3 (n + 1) ( 0 + 1 ), where b 0,j,2 = 1, b 1,j,2 = −2 n+1 k=1,k =j 1 ξ j − ξ k ; 0 = 1 (n + 1) 2 , 0 + 1 = 1 2(n + 1) 2 .
For f (t) = e t , t ∈ [−1, 1], and t / ∈ {η 1 , η 2 , . . . , η n }, we use the well-known formula
in order to derive the expressions for h i = f (i) [η 1 , . . . , η n , ξ j ], i ≤ 2. Thus,
.
In Table 1 the coefficients α ji from (4.11) when n = 5 and p = 1 are displayed. We calculated the integral I = I n by the quadrature formula in Corollary 3.10 from [3] (the values I n (B)) and by (4.11) (the values I n (Q)), for p = 1 and n = Table 2 . The values of I n computed by I n (Q), for some values of n. The values of I n computed by I n (Q), for some values of n, are given in Table 2 .
The same values are computed and by I n (B).
In conclusion, let us mention that we have used the traditional way of naming the Gauss-Kronrod quadratures, although it would have been better to use the name Gauss-Kronrod-Skutsch quadratures (see [11] for details).
